Electron-positron pair production in oscillating electric fields is investigated in the nonperturbative threshold regime. Accurate numerical solutions of quantum kinetic theory for corresponding observables are presented and analyzed in terms of a proposed model for an effective mass of electrons and positrons acquired within the given strong electric field. Although this effective mass cannot provide an exact description of the collective interaction of a charged particle with the strong field, physical observables are identified which carry direct and sensitive signatures of the effective mass.
Electron-positron pair production in oscillating electric fields is investigated in the nonperturbative threshold regime. Accurate numerical solutions of quantum kinetic theory for corresponding observables are presented and analyzed in terms of a proposed model for an effective mass of electrons and positrons acquired within the given strong electric field. Although this effective mass cannot provide an exact description of the collective interaction of a charged particle with the strong field, physical observables are identified which carry direct and sensitive signatures of the effective mass. Introduction.-The concept of a particle's effective mass m * is widely used in physics. It typically describes the mass a particle seems to have when responding to an external probe while it is immersed in an ambient medium or thermal bath. The value m * therefore parameterizes the consequences of a particle's collective interactions with its environment in a simple way. The effective mass concept hence occurs not only in many branches of condensed matter physics, but also, e.g., in the form of constituent masses of quarks inside a hadron. Even the fundamental fermion masses of the standard model may be viewed as effective masses induced by the interactions with the Higgs field.
While obviously useful, the concept of effective masses may be questioned, since the reduction of collective interactions into a single number m * can be oversimplifying, and the actual value of m * can depend on many details of an actual experimental setup and thus be generically nonuniversal. A comparatively clean setting in which effective masses have been discussed is given by the dynamics of electrons in a strong electromagnetic field. In particular, in periodically modulated fields the analogy to condensed-matter systems appears immediate.
Phenomena which are describable by an effective mass acquired by the electron in a strong field have been studied in undulator fields used for free electron lasers [1] as well as in plane wave fields [2] . Also, concepts for general fields have been suggested [3] . In particular, generalizations from the idealized plane-wave case to realistic laser fields have lead to a diversified discussion in the literature [4] [5] [6] [7] [8] [9] [10] . Recently a concrete setup has been proposed [11] , how effective-mass effects could be observed in laser-electron scattering experiments with current technology. It was also demonstrated explicitly that the effective mass is not universal but depends, for instance, on laser pulse shapes.
All these studies have in common that the effective mass is not observed by looking directly at the produced electrons and positrons, but can be deduced from properties of the photon emission spectra arising from the electron dynamics. As the particle spectrum does not show a heavy electron excitation [12] , in these processes the effective mass occurs as an auxiliary quantity at intermediate stages of the calculation. More precisely, it arises as the invariant square of an averaged (quasi-)fourmomentum associated with the electron motion inside the periodic field. The effective mass in a monochromatic plane wave, for example, is (in lightcone gauge) given by [13] 
The generalization to arbitrary pulses is given in [14] . The present work is devoted to investigate whether the effective mass concept in strong fields might be more directly accessible in terms of a process which shows a severe sensitivity to a mass threshold [15, 16] . For this, we propose the characteristic phenomenon of pair production in strong electric fields where electromagnetic energy is converted into the creation of electrons and positrons [17] [18] [19] . To be more specific, we consider only pair production directly from colliding laser pulses in a regime with both multiphoton and nonperturbative features. Since the phase space available for pair creation is extremely sensitive to the masses of the particles to be generated, quantities such as the particle yield should give a rather direct access to the effective mass. The fact that the effective mass of Eq. (1) governs the threshold for pair production in laser fields has already been noted in [11, 20] in the context of stimulated pair production [21] and in [22] for oscillating electric fields, see also [23, 24] for short pulses.
In order to quantify the influence of the effective mass concept, we study (multiphoton) pair production in rapidly oscillating electric fields close to the pair production threshold by means of quantum kinetic theory (QKT), requiring highly accurate numerical solutions. well as non-Markovian memory effects are included [25] [26] [27] . Also, the real-time evolution of distribution functions is directly accessible in this framework. This gives us access not only to the total particle yield, but also to the momentum distributions of the outgoing pairs. From the latter, we are able to read off the characteristics of above-threshold phenomena similar to above-threshold ionization (ATI) spectra in the context of atomic ionization [28] . Similarities between atomic ionization and pair production have been known for a long time [29] . They become conceptually obvious in path integral approaches [30, 31] , and have first been quantified for the case of superimposed laser and Coulomb fields as well as counterpropagating lasers in [32] .
In this Letter, we consider comparatively simple field configurations such as oscillating electric fields. Still, we observe that the observables can develop a rather involved dependence on the underlying parameters. In particular, sufficiently accurate numerical solutions are necessary, to resolve the complexity of the pair-production process. Despite this complexity, we find that features of many observables can, in fact, be directly understood in terms of an intuitive effective-mass description, phrased in terms of a simple model for m * .
Electric field pulse.-For our pair production studies, we use a homogeneous electric field pulse with peak field strength ε, frequency ω, and duration τ of the form
Our region of interest, where some of these parameters are close to the Compton scale, is currently not yet accessible by experiments, but may come within reach with future tailored x-ray laser beams [33] . Equation (2) may be thought of as a model of the electric field in an antinode of a standing-wave mode ignoring spatial inhomogeneities. A more realistic modeling would require including also possible magnetic components, along the lines of [32, 34] as well as variations in space and time [34, 35] . The corresponding vector potential reads
Quantum Kinetic Theory.-Our following results for the pair production process are based on quantum kinetic theory QKT [25] [26] [27] . We emphasize that numerical accuracy is essential for some of our observations presented in the following. A central quantity in QKT is the one-particle distribution function F (q, t) which, when evaluated at asymptotic times, allows to extract momentum spectra for e − and e + . Accordingly, the particle yield per unit volume and d 2 q ⊥ /(2π) 2 is given by N = dq/(2π) F (q, ∞). In the Weyl gauge, the Vlasov equations of QKT can be written as [36, 37] 
where
Here, G(q, t) and H(q, t) are auxiliary functions. Throughout the article, q ≡ q denotes the kinetic momentum parallel to the electric field as we perform all calculations with q ⊥ = 0. The initial conditions are given by F (q, −∞) = G(q, −∞) = H(q, −∞) = 0. A typical result for the particle yield N per Compton wavelength λ C below and near the pair threshold ω = 2m for the example of eε/m 2 = 0.1 and a comparatively long pulse of τ = 100/m is shown in Fig. 1 .
The particle yield exhibits a characteristic oscillatory structure which can be interpreted as a signature for multiphoton production. Similar observations based on the straightforward numerical solution of the Dirac equation for slightly different parameters have been made in [22] . Naively, the phase space for n-photon pair production is expected to open at the threshold frequencies, satisfying nω = 2m (dashed lines in Fig. 1) . Upon close inspection, we find that the particle yield is actually peaked slightly above this naive expectation. This deviation becomes more pronounced for higher n. In the following we will present arguments that this deviation can be interpreted as a signature for the effective mass of the electron or positron in the strong field.
Effective mass model.-Although Eq. (1) holds strictly only for plane-wave fields (possible generalizations have been discussed in [11, 34] ), we suggest to use Eq. (1) together with an average over one field oscillation inside the pulse envelope. Confining ourselves to long pulse trains with τ 100/m such that we can ignore the finite band width of the pulse, we propose
This model suggests that the naive threshold frequencies for n-photon production should be replaced by nω = 2m * . This threshold condition together with Eq. (8) can be resolved in terms of the threshold frequencies,
or, correspondingly, in terms of the effective mass at the nth threshold
Equation (9) predicts that the threshold frequencies move to larger values for increasing field strength. This is illustrated in Fig. 2 for the (normalized) particle yield near the heptaphoton n = 7 threshold for τ = 100/m. For increasing field strength eε/m 2 = 0.02, . . . , 0.2 the shift of the peak towards larger frequencies is clearly visible.
A quantitative comparison between the full numerical solution of QKT and the effective mass model (10) can be seen in Fig. 3 again for the heptaphoton case (n = 7) and τ = 100/m. Here, we compare the effective mass m * ,7 = (7/2)ω peak obtained from the peak position ω peak of the heptaphoton yield (corresponding maxima of the curves in Fig. 2) with the model prediction (10) . There is considerable agreement over a wide range of field strengths showing an increase of the effective mass up to 15% for the chosen parameters. Effective mass m * ,n=7(upper curves) and m * ,n=5(lower curves) extracted from the n-photon peak of the particle yield from full QKT solution in comparison with the effective mass model prediction (10) Momentum distribution.-Effective mass effects do not only show up in the total particle yield. With the aid of QKT, we can also determine the one-particle distribution in momentum space F (q, ∞). An example is given in Fig. 4 for ω = 0.3m, eε = 0.2m 2 and τ = 300/m. In addition to a broad peak with an involved substructure near q = 0, we observe a regular pattern of highermomentum peaks. As these additional peaks are separated by multiples of the frequency (ω = 0.3m in the present case), we interpret the peaks as signatures of the absorption of additional photons in the pair production process. In other words, an n-photon peak in the total particle yield (cf. Fig. 1 ) receives contributions also from production processes involving n + s photons. The momentum distribution of outgoing particles as in Fig. 4 serves as a spectrometer for the production processes with s = 0, 1, 2, . . . . This is similar to ATI spectra in the field of atomic ionization [28] . This quantitative similarity to pair production has also been noticed in [22, 34] . Channel closing.-The similarity to ATI spectra gives rise to another way for directly and sensitively observing effective mass effects. From energy conservation of multiphoton pair production, E (n+s)γ = E e − + E e + , we obtain the general relation
where we have used the effective mass as a substitute for the naive electron rest mass inside the electric field, and q n+s denotes a characteristic residual kinetic momentum of the outgoing particles in the momentum-space peak generated from the n + s multiphoton process. Let us fix the number of photons n + s as well as the photon frequency ω. Since m * increases with the field strength ε, cf. Eq. (8), Eq. (11) predicts that the characteristic momentum q n+s has to decrease with increasing ε. This effect can indeed be observed in our full QKT results: In Fig. 5 , we plot the peak position of the (n + s = 7) photon peak in the momentum distribution for a frequency ω = 0.322m as a function of the field strength ε and for a pulse duration τ = 300/m. For increasing field strength ε, the peak position moves to lower momenta q n+s as expected from Eq. (11). (NB: The discontinuities in the peak position arise because the role of main and side maxima can interchange with increasing field strength, cf. the substructure of the one-particle distribution displayed in Fig. 4 and the discussion below.) Once, the effective mass exceeds the available multiphoton energy, the corresponding momentum peak in the distribution vanishes. This effect is known as "channel closing" in atomic ionization [38] .
More quantitatively, the approach to the threshold first leads to a splitting of the momentum peak under consideration into several narrower peaks. To allow for a unique determination of the peak position we plotted in Fig. 5 always the position of the highest local maximum which then in turn leads to the displayed discontinuities. At the threshold, the peaks vanish. Pictorially speaking, the left-most peak in the corresponding analog of Fig. 4 drops out of the plot window towards the left edge. Again, the phenomenon of channel closing observed in the full QKT data agrees rather well with the simple effective mass model (10) . Both, the overall shift of the momentum peaks and the location of the threshold are nicely described. We conclude that channel closing is an observable with a strong sensitivity to the effective mass.
Discussion.-Given the complexity of pair production and corresponding phase-space observables already for the case of such simple field configurations as considered here, it is clear that the simple effective mass model can only describe a limited set of quantities. Nevertheless, it is worthwhile to stress that the effective mass signatures are omnipresent in the investigated parameter regime.
The limitations of the effective mass description become clear by noting that the effective mass of Eq. is related to the Keldysh parameter γ ω = mω/(eε) by m * = m 1 + 1/(2γ 2 ω ). The Keldysh parameter distinguishes the limit of nonperturbative Schwinger pair production γ ω 1 from the perturbative multiphoton regime for γ ω 1 [39] . Our results have been obtained in the regime γ ω 1 which characterizes the nonperturbative threshold regime, exhibiting features of both regimes -nonperturbative pair production as well as multiphoton processes. Towards the multiphoton regime γ ω 1 the effective mass approaches the vacuum mass rendering a distinction irrelevant. For smaller γ ω towards the Schwinger regime, deviations from the simple effective mass model appear to occur in our data. However, in this regime backreactions can become relevant [36, 40] which are not included in our description.
The considered field pulses allow for a second Keldysh parameter γ τ = m/(τ eε) which is irrelevant for the long pulses discussed here. For shorter pulses, the interplay between τ and ω can lead to distinct momentum signatures [41] .
Finally, we point out that the quantitative precision of the effective mass model also differs in different parameter regimes. This can be traced back to involved substructures of the momentum distributions: for instance, for multiphoton production with even n, the momentum distribution has to vanish at q = 0 due to chargeconjugation invariance [22] . This takes a quantitative influence on the total particle yield and hence also on the quantitative agreement with the effective mass model. We emphasize that all qualitative effective mass dependencies are left untouched by these details.
Summary.-Based on accurate numerical solutions of quantum kinetic theory for pair production in oscillating electric fields, we have demonstrated that experimentally accessible observables show clear traces of the effective mass of electrons and positrons acquired within a strong electric field. Whereas the effective mass is neither a uni-versal quantity nor an exact description of the collective interaction of a charged particle with the strong field, we have identified physical observables that carry direct signatures of the effective mass in a sensitive manner. From a pragmatic viewpoint, we believe that this justifies to say that the effective mass "can be measured".
